
Proof in mathematics



The MU puzzle 

Can you derive MU?
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A theorem 
consists of
(Mariotti et 
al., 1997)

• a statement
• the proof
• the theoretical framework 

of reference

metatheory (i.e., the set of formal 
rules that allow to derive 
theorems from the starting group 
of axioms and definitions)

IDENTITIES 



Proof as boundary object

Function of 
proof in 

mathematics
(Hanna, 
2000)

Functions of proof and proving:

● verification (concerned with the truth of a statement) 
● explanation (providing insight into why it is true) 
● systematisation (the organisation of various results into a deductive 

system of axioms, major concepts and theorems) 
● discovery (the discovery or invention of new results)
● communication (the transmission of mathematical knowledge) 
● construction of an empirical theory  
● exploration of the meaning of a definition or the consequences of 

an assumption 
● incorporation of a well-known fact into a new framework and thus 

viewing it from a fresh perspective



Approach to design and research in the IDENTITIES project

Cultural Analysis of the Content to be taught (CAC) (Boero & Guala; 2017), 
that encompasses  the understanding of how mathematics can be 
arranged in different ways according to different needs and historical 
or social circumstances, and how it enters human culture in 
interaction with other cultural domains. 

In the same perspective, we argue that teacher education should promote 
CAC in mathematics and physics to promote interdisciplinarity.

Argumentation & Proof are key topics
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Parabolic motion in the history of physics (Renn et al., 2000)
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Galileo’s proof 
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Example from »Walker’s 
textbook»
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Parabola in the history of mathematics
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Galileo: primary sources to consider in order to analyse the topic from the historical-
epistemological point of view. Here parabolic motion is the key case.

Conceptions of disciplines and their relationship differs from today:

- foundative book, one of pillars of modern scientific method,
- an example of rich scientific text and scientific argumentation that intertwines 

explicitly many dimensions of knowledge that nowadays are codified in disciplines 
(mathematics, physics, engineering, philosophy).

Proof as boundary object

Historical sources and textbooks: a comparison



Physics textbooks for secondary school: disciplinary didactical transposition that 
is consistent with the (implicit or explicit) didactical goals of the authors.

Parabolic motion is a particular case of two-dimensional motion and 
introduced deserving a lot of space to algebraic passages and formulas, also in 
the proof, with a distance between Galileo’s presentation increasing in 
Italian textbooks over time from the 80’s to contemporary textbooks
(Bagaglini, Branchetti, Gombi, Levrini, Satanassi and Viale, 2021).

The results are very different narratives about parabolic motion in the History and at school 
(Satanassi et al., under review).
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Historical sources and textbooks: a comparison



Theorem I, Proposition I

A projectile which is carried by a uniform 
horizontal motion compounded with a naturally 
accelerated vertical motion describes a path 
which is a semi-parabola.

Historical sources and textbooks: what can we learn from a 
comparison in terms of argumentation and proof (CAC in 

prospective teacher education)?



The way parabolic motion is presented in physics textbooks for high school 
differs in terms of rationality from the historical books (epistemic, teleological 
and communicative dimensions of rationality, Pollani, 2020).

The main differences can be due to:

- the targets (scientific community vs students),
- the goals (proposing a new theory vs teaching),
- the development of disciplines and their epistemologies (Euclidean geometry 

and study of motion vs M&P curriculum at school),
- interdisciplinarity (scientific discourse intertwining different dimensions  vs 

combination of elements of knowledge taught with a disciplinary perspective).

Proof as boundary object

Historical sources and textbooks: main differences



How are A&P are presented in two texts about parabolic motion?

- Galileo (1638; English translation)
- the chapter Two-Dimensional Kinematics in the physics textbook by Walker (2017; 

high school edition, translated also in Italian).

they deal with proving/demonstrating that the trajectory of a projectile is an arc 
of parabola, but….

the meanings of the term “proving” seemed to change, as well as the way proof 
were presented and intertwined with other aspects of the scientific argumentation.
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A&P in historical sources and textbooks: a comparison



Handbook about Argumentation and Proof (Durand-Guerrier et al., 2012)

To what extent should mathematical proofs in the empirical sciences, such 
as physics, figure as a theme in mathematics teaching so as to provide 
students with an adequate and authentic picture of the role of mathematics in the 
world?

Could a stronger emphasis on the process of establishing hypotheses (in the 
empirical sciences) help students better understand the structure of a 
proof that proceeds from assumptions to consequences and thus the meaning of 
axiomatics in general?

Literature

What relevance for research about A&P in maths education?



The type of presentation of a proof is also under investigation in mathematics 
education.

To what extent and how is the presentation of a proof (verbal, visual, formal etc.) 
(in)dependent on the nature of the proof?

Do students perceive different types of proofs as more or less explanatory or 
convincing?”

In Maths & Physics the verbal, the visual and the formal aspects of proof might play a 
different role in explaining and convincing students when “mathematizing” observation 
and reasonings about empirical phenomena or experiments

Literature

What relevance for research about A&P in maths education?



What relevance for research about A&P in maths education?

A&P in texts and the comparison with historical texts a key step to move from
the historical-epistemological and cognitive analyses to the classroom practices,
in particular considering teacher-students education.

This issue has been investigated by papers presented in CERME10 (Stylianides et
al., 2018); among the themes discussed, we contribute to highlight the role of
language in teaching and writing proofs and to search for analytical
frameworks for argumentation and proof in textbook expositions.

Literature



Cognitive unity between argumentation and proof
The didactic value of inserting proof into an argumentative process and to move from a
reproductive approach to demonstration to a productive one and to focus on proof as a
process more than on proof as a product → construct of cognitive unity (Mariotti,
Bartolini Bussi, Boero, Ferri & Garuti; 1997)
Need for didactical situations in which the construction of a proof naturally follows
from the exploration of a problematic situation by students.
“during the construction of the conjecture, of the elements (“arguments”) that are used
later during the construction of the proof” (p. 1).

Proving that the trajectory of a projectile motion is parabolic can be considered a
conjecture-proving problem, according to the characterization of Mariotti et al.
(2017).
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Cognitive unity: continuity and discontinuity 
We assume that continuity should be pursued also to guarantee a productive
approach of students to proving in this field, in particular when mathematics appears
in the statements and semiotic representations of physical entities.

What happens to the flow of observation and conjectures about physical phenomena
when mathematics enters the discourse? If teachers have to guide a classroom
discussion to help the students to include these aspects, is continuity between A&P
pursued or do their interventions cause cognitive rupture?

Teacher-students need examples and meta reflection to guide the students properly in
such classroom discussions (textbooks analysis as prototypes of different ways the
teachers scaffold students’ approach to interdisciplinary A&P in the classroom)
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Cognitive unity: continuity and discontinuity (Pedemonte, 2005)

– structural analysis: refers to the link between the structures of statements
used in argumentations and in proofs. There is structural cognitive unity when
statements used in the argumentation are also used in the proof. Otherwise, there is
structural cognitive rupture.
– referential analysis: refers to the systems of reference used in
argumentations and in proofs, that is, the systems of signs (drawings,
calculations, algebraic expressions, etc.) and systems of knowledge
(definitions, theorems, etc.) used. There is referential cognitive unity when some
systems of signs or knowledge are used both in the argumentation and the proof.
Otherwise, there is referential cognitive rupture.
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Framework

Structural and referential analysis of relevant excerpts, modified according to
our goal (interdisciplinary analysis of prototypes of A&P connections): the
study of local motions in Galileo (1638) and Walker’ (2017).

Statements in A&P related to parabolic motion and then systems of
representation and knowledge belonging to both mathematics and physics
(considered as disciplines taught at school in grades 9-10 in Italy in the
textbook’s analysis and as historical disciplines analyzing Galileo’s excerpts).

By comparing the A&P steps, thanks to the structural and referential analysis,
we detected unity or rupture in both texts.
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Conclusions and further developments
Galileo’s text is characterized by structural and referential unity:

he mathematized the relationship between space and time with magnitudes and 
proportions and used always the same objects and properties to merge the 
observation of phenomena, empirical laws and geometrical properties of conic sections. 

the mathematization of the experimental setting allowed him to prove, 
deductively, that the trajectory is a semi-parabola, under the hypothesis that the 
motion of a projectile results from a composition of independent uniform and 
accelerated motion. 

the theory of magnitudes bridges the concrete action of measuring and the theoretical 
comparison between geometrical magnitudes. 
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Conclusions and further developments
The graphic representation plays a crucial role, since the action itself 
to trace a line/curve with a motion of a point is a sort of ideal machine that 
draws a trajectory, hybridizing the notion ofs trajectory and 
geometrical curve to treat the trajectory geometrically. 

In this case the structural role of mathematics clearly emerges: 
“importing” the structure of Euclidean proof in the investigation of 
motion allows to refine and strengthen argumentation.
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Conclusions and further developments
Walker’s chapter: 

it is visible the effort to consider the dimension of A&P: there are physical 
assumptions, a definition of projectile, examples that ground the assumptions 
about the composition of independent motions on empirical facts, stressing that they 
are realistic. 

Some referential choices are consistent: the motion of a projectile is a particular 
case of a more general motion, equations of evolution are used to derive new 
equations treating time and space as algebraic variables. 

However, many elements of rupture are present. 
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Conclusions and further developments

the presentation of the argument concerning physical principles and entities and 
the proof are presented with figures and pictures related to real life, while in the 
derivation of the equation they switch suddenly to algebraic language and 
analytical reasoning (substituting variables in functions). 

definitions, principle, inference, proof are never mentioned. 

the link between empirical aspects and mathematical knowledge is hard to 
establish for a reader, because of the strong discontinuity in terms of use of 
signs and semiotic registers for the expression of the statements (algebraic proof, 
Boero Morselli &Guala 2013). 
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Algebraic proof: a contribution from Mathematics education

At secondary schools, in mathematics, an internal division emerges that 
separates it into the domains algebra, geometry, analysis, statistics and 
so on (Boero, Guala & Morselli 2013) → difficulty at the didactic level, but 
also in building in students (and not only) a vision that, in addition to being 
crystallized and sectoral, is also unrealistic.

Morselli and Boero (2009): adaptation to mathematics teaching concerning 
the construct of "rational behavior" for discursive practices, proposed 
by Habermas, in particular regarding the use of algebraic language in 
proofs.
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How might secondary students perceive it?

Algebraic language in proofs: mainly thought of in secondary school as 
the domain of synthetic geometry, leading to a radical change in the 
forms of explanation when passing from geometry to algebra.

This trend is found in the mathematics textbooks analyzed and represents 
the reference knowledge of students in mathematics; they will refer to this 
knowledge by thinking about the parabola and its equation in physics.

The transposition makes the many opportunities for 
interdisciplinary reflection disappear….
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Can Galileo’s proof be considered a “boundary object” between mathematics 
and physics? Why and why not?
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Theorem I, Proposition I

A projectile which is carried by a uniform 
horizontal motion compounded with a naturally 
accelerated vertical motion describes a path 
which is a semi-parabola.
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Back to the explorer activity…. 

Whether and how can we prove that a “drawn curve” is a parabola?

Whether and how can we “draw” a parabola?

Whether and how can we prove that a motion is parabolic?
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