
Student activity - O3

Parabola as a conic section: a historical dialogue 
between mathematics and physics



ACTIVITY 1

Conics in the history of mathematics: from Apollonius to Kepler 



Primary sources
● Euclid’s Elements of Geometry (c. 300 BC)
● Apollonius’ Conic sections (c. 200 BC) (and some excerpts from 

Archimedes)
● Nicole d’Oresme work about “shapes of motion” (diagrams with 

latitudine-longitude and intermediate value theorem ante-litteram) 
(c. 1350)

● Descartes’ Geométrie (1637)
● Kepler’s Parapolimena ad Vitellionem (1604) about conics, starting 

from an analogy between reflection and refraction.  
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What are conic sections
Conic sections (or conics) are the curves obtained by intersecting a 
circular cone by a plane: hyperbolas, ellipses (including circles), and 
parabolas.

Proclus’ Commentary: Menaechmus, pupil of Eudoxus and member of
Plato’s Academy, discovered these curves around 350 B.C. 

Apollonius gave the conical sections their actual names:
• “hyperbola”, from Greek “hyper”, meaning “some added.”
• “ellipse,” from Greek for “something missing.”
• “parabola,” from Greek word “oaros” for “same.”

https://math.uh.edu/~shanyuji/History/h-11.pdf
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Conic sections as loci of points
Ancient mathematicians used the word “locus” for lines and surfaces. 

Modern mathematicians regard lines and surfaces as sets of points, but 
this viewpoint was impossible for ancient scientists. 

Aristotle wrote in his Physics: “Nothing that is continuous can be 
composed of indivisible parts: e.g., a line cannot be composed of 
points, the line being continuous and the point indivisible [Ar, p. 
231]. 

Ancient mathematicians regarded lines and surfaces only as “loci”
(τοποι), that is places for points. 
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Conic sections as loci of points
Menaechmus found that the duplication of a cube can be reduced to 
the finding two mean proportionals between a and b, that is:

a : x = x : y = y : b, 
for b = 2a

Menaechmus found that the solution x of equation is equal to the
abscissa of the point of intersection of two parabolas:

x² = ay and y²= 2ax
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https://web.math.unifi.it/archimede/note_storia/Belle-Napolitani-Coniche.pdf

Euclid, Elements (IV-III a.C.).

Elements of Conics (Κωνικων στοιξεια)

Cone: figure obtained by rotating a right triangle around a 
cathetus.
Conic sections (which will later be called ellipse, parabola and 
hyperbola): sections with a plane perpendicular to the side of the 
cone, respectively:

acute angle (oxytoma)
rectangle (orthotome)
obtuse (amblystoma)

From the Greek terms: acute angle
straight and obtuse

https://web.math.unifi.it/archimede/note_storia/Belle-Napolitani-Coniche.pdf


https://web.math.unifi.it/archimede/note_storia/Belle-Napolitani-Coniche.pdf

Apollonius, Conic sections (III a.C.).

If a line, extending to infinity and always passing through a fixed 
point, is made to rotate along the circumference of a circle that is 
not in the same plane as the point so that it passes successively 
through every point of that circumference, the rotating line will trace 
the surface of a double cone.

● Conics as sections of the same cone

● Conics as loci, with focal properties (only ellipse and 
hyperbola..)

● Conics characterized by geometric properties relating to the 
areas (parabolic, elliptical, hyperbolic "application")

https://web.math.unifi.it/archimede/note_storia/Belle-Napolitani-Coniche.pdf


Apollonius, Conic sections (III a.C.).
Apollonius proved that when any cone is sliced by a plane which is parallel to one of its 
tangent planes (but not containing a generating line), then the resulting section is a 
parabola, in the sense that we know it as a curve: one of its coordinates is proportional 
to the square of the other.

Apollonius (I, 11): known much earlier, generalized (does not depend on the cone being a 
right cone and on the tangent to be perpendicular to the axis).

Apollonius determines the line PL, which he called ỏρθία πλεὐρα
(“right side”), PL is the perpendicular to the diameter PM at point P.
The length of the line PL is given by the proportion:

This segment allow to express this relation:







Apollonius, Conic sections (III a.C.).

https://www.quadrivium.info/MathInt/Notes/Apollonius.pdf

https://www.quadrivium.info/MathInt/Notes/Apollonius.pdf


Apollonius, Conic sections (III a.C.).



http://www.mathesisnazionale.it/mathesisbkp/archivio-storico-articoli-mathesis/68_83.pdf

Apollonius, Conic sections (III a.C.).

Conics as loci, focal properties (Book III)

The fires were not called fires but were "the points determined by the application" 
(Prop. 45)

Apollonius does not speak of "focal point" for the parabola even if in ancient times 
the focal properties of the parabola were certainly known.

http://www.mathesisnazionale.it/mathesisbkp/archivio-storico-articoli-mathesis/68_83.pdf


https://people.dm.unipi.it/broglia/DIVULGAZIONE/Digitalpoint/itGP8.pdf

Apollonius, Conic sections (III a.C.).
In book III important properties of the conics are introduced which are taken up by Pascal 
and Desargues and constitute, together with the innovations introduced by Guidobaldo Del 
Monte, a starting point for the study of perspective (punctum concursus).

The foundations of modern studies of Projective Geometry, but parabola had no focuses....

It will be Kepler who will significantly advance the study of the parabola in analogy to the 
other conics from this point of view, overcoming an epistemological obstacle. 

At that time, there were no mathematical machines to draw a parabola… (Kepler)

https://people.dm.unipi.it/broglia/DIVULGAZIONE/Digitalpoint/itGP8.pdf


Bartolini Bussi, The Meaning of Conics: 
Historical and Didactical Dimensions (2005)

- Conics as sections of the same cone

- Conical as loci, with focal properties

- Conics characterized by geometric properties relating to 
the areas (parabolic, elliptic, hyperbolic "application")

- Conics as plane curves characterized with continuity by 
eccentricity and admits equation in polar coordinates

- Projective conics



Witelo, Optics (1270)
Witelo (13th century) takes up the study of conics for mirror applications

Predominantly physical interest for the study of optical phenomena

There are no mathematically significant theoretical innovations.

Witelo, 1270, Prop. 153, Book 9:

A mirror in the shape of a paraboloid of revolution concentrates the rays coming 
from a light source to infinity in the direction of the axis in the fire.

The ground is being prepared for a reconsideration of conics from a projective perspective 



http://www.mathesisnazionale.it/
mathesisbkp/archivio-storico-
articoli-mathesis/68_83.pdf

Johannes Kepler, Astronomiae pars optica,                                                                    
Parapolimena (1571-1630)

Refraction and reflection

Curve/Flat mirror

http://www.mathesisnazionale.it/mathesisbkp/archivio-storico-articoli-mathesis/68_83.pdf


Johannes Kepler, Astronomiae pars optica,                                                                    
Parapolimena (1571-1630)



Johannes Kepler, Astronomiae pars optica,                                                                    
Parapolimena (1571-1630)



Physics triggers innovation in Mathematics

infinity 

infinity 

1) Parallel lines as a special case 
of incident lines + infinity points

(a revolution in Maths!)

1) Parabola included in a unifying 
plane classification of conics 

(parabola between ellipse and 
hyperbola) 



Johannes Kepler: hypothesis of elliptic 
trajectory



History-pedagogy-mathematics/physics (HPM/Ph): 
an innermost relationship (Tzanakis, 2016)

Intertwined and bi-directional co-evolution, interdisciplinarity as the essence of the historical 
evolution of the two disciplines.

Historical cases can mirror both disciplinary authenticity and interdisciplinarity
Maths → Physics

mathematics is the language of physics, not only 
as a tool for expressing ... but also as an 

indispensable, formative characteristic that shapes 
the physical concepts, by deepening, 

sharpening, and extending their meaning, or 
even endowing them with meaning. 

Physics→ Maths

physics constitutes a natural framework for 
testing, applying and elaborating 

mathematical theories, methods and 
concepts, or even motivating, stimulating, 

instigating and creating all kinds of 
mathematical innovations.

INTERDISCIPLINARITY



Back to the explorer activity….



Back to the explorer activity…. 

Whether and how can we prove that a “drawn curve” is a parabola?

Whether and how can we “draw” a parabola?

Whether and how can we prove that a motion is parabolic?

https://padlet.com/argyrisni/aje60yxrnc3g4zbc

https://padlet.com/argyrisni/aje60yxrnc3g4zbc


Theorem I, Proposition I
A projectile which is carried by a uniform 
horizontal motion compounded with a 
naturally accelerated vertical motion 
describes a path which is a semi-parabola.

Proof as boundary object



O2 Modules: STEM ADVANCED TOPICS 
- EMERGING INTERDISCIPLINARITY

New template



ACTIVITY 3

Symmetry and proof 

Tartagli
a

Guidobaldo Galileo
On the left, motion’s representation of Tartaglia (1537); in the middle, the trajectory drawing in Guidobaldo’s notebook and the reproduction
of his ink experiment, done by Cerreta (2019); on the right, the figure supporting Galileo’s demonstration of the parabolic trajectory.



ACTIVITY 3

Symmetry and proof as epistemological activators

Tartagli
a

Guidobaldo Galileo

- The activity is titled  
Parabolic motion as 
foundational case to 
establish physics as 
discipline. It is subdivided 
in four tasks.

- The activity has been 
designed to guide through 
the main epistemological 
breakthroughs that 
characterized the evolution 
of the physical thinking.



ACTIVITY 3

Proof: an activity to reflect about proof in mathematics and physics 

Task 1: Write a proof of Pythagoras’ theorem
Task 2: Proof in Euclid’s Elements, exhaustion method and in analytical 
geometry  
Task 3: The characterization of theorems, theory and metatheory 
Task 4: Proof by Galileo about parabolic motion: an epistemological analysis
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Thomson Klein taxonomy to evaluate the kind of interdisciplinary output

Thomson Klein, 2010

Methodological Interdisciplinarity (MI) a method or a 
concept is taken from one discipline and applied in another 
to verify a hypothesis, formulate a theory or answer to a 
research question. The main goal is to improve the quality of 
results obtained in a single discipline. There is a 
contamination of epistemological knowledge, the borrowing 
of some theoretical tools from another discipline can give us 
a new structure of the original discipline.

Theoretical Interdisciplinarity (TI) is an evolution of the 
MI and it involves a more holistic, general view and a more 
coherent epistemology. The main results are the elaboration 
of conceptual frameworks during the analysis of problems, 
the integration of propositions across disciplines and the 
new synthesis funded on the connection between models 
and analogies. 

Instrumental Interdisciplinarity (II) when MI serves some 
special needs of a single discipline. In the 80ies, 
instrumental interdisciplinarity gained visibility in informatics, 
biotechnology, or biomedicine (development of new 
discipline).

Critical Interdisciplinarity (CI) questions the dominant 
structure of knowledge and the educational system to 
transform it. It can destroy part of the system for 
reconstructing it. The deconstructing process and the 
seeking for disciplinary limits are the base for a new 
epistemology. Asking critical questions and looking for a 
common answer is part of the process of building new 
correspondences. The questions and the disciplines put in 
correspondence have changed, the solidity of their borders 
crumbles and a common basis can raise.



School science: parabolic motion in 
Italian textbooks



Matematica e fisica: riflessioni a partire 
dal moto parabolico



School science: parabolic motion in 
Italian textbooks



School science: parabolic motion in 
Italian textbooks



Are these proofs?

Are they scientific              
explanations? If so, what kind?

What role does mathematics play?

How do students perceive it?

Matematica e fisica: riflessioni a partire 
dal moto parabolico



Algebraic proof: a contribution from Mathematics education

At secondary schools, in mathematics, an internal division emerges that 
separates it into the domains algebra, geometry, analysis, statistics and 
so on (Boero, Guala & Morselli 2013) → difficulty at the didactic level, but 
also in building in students (and not only) a vision that, in addition to being 
crystallized and sectoral, is also unrealistic.

Morselli and Boero (2009): adaptation to mathematics teaching concerning 
the construct of "rational behavior" for discursive practices, proposed 
by Habermas, in particular regarding the use of algebraic language in 
proofs.

Matematica e fisica: riflessioni a partire 
dal moto parabolico



How do students perceive it?

Algebraic language in proofs: mainly thought of in secondary school as 
the domain of synthetic geometry, leading to a radical change in the 
forms of explanation when passing from geometry to algebra.

This trend is found in the mathematics textbooks analyzed and represents 
the reference knowledge of students in mathematics; they will refer to this 
knowledge by thinking about the parabola and its equation in physics.

The transposition makes the many opportunities for interdisciplinary reflection 
disappear….

Matematica e fisica: riflessioni a partire 
dal moto parabolico



Conclusions

Conclusions

Epistemological activators (of interdisciplinary learning potential): 
objects meaningful within more than one discipline (like argumentation/proof, symmetry, 
line, …), so good candidates to be boundary objects, but also significant from an 
“internal” disciplinary epistemological point of view and likely to show the IDENTITIES of 
the disciplines through a learning mechanism at the boundary between disciplines.

Is this enough to activate the “learning potential” at the boundary?

Is this enough to trigger a fruitful discussion 
about disciplinary IDENTITIES and interdisciplinarity? 

Necessary but not sufficient….. 




